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 ����ى ا�������
 دا�� ا��و#�ر
�م ا���
ري. •

- �
  ��ر
ف و'&��ص ��ر
 ا���
ري. ا��و#�ر
�مو درا�� دا��  Lnا�ر�ز : -
- �

�د��
�ت ا�*�  
-    �
��
  ا����+� ا��و#�ر

 .�a-��س دا�� ا��و#�ر
�م  •
- �
  ��ر
ف و'&��ص ��ر
 دا�� ا��و#�ر
�م ا���ري -

  ا� �رات ا������ة 
   ا����ن �ن ا����ب ا���ري ��. ا��و#�ر
���ت -
- �
��
  ا����ن �ن �ل ���د1ت و��را���ت  و�ظ��ت  �و#�ر
�ل ���د1ت �ن �وع :ا��و#�ر
�م ا���ري��ر5� و�ط�
ق  -  75 �10 ('�&x a=(  
- �* 

� ا����
� و�وظ��
  ا����ن �ن ا��*�
�ت ا��و#�ر
-  .�� �*�9
  دا�� ا��و#�ر
�ما����ن �ن درا�� و���
ل دوال ���وي &

  
 

I. ي�
��  دا�' ا�&�%�ر$�# ا�
1ا��ا��

x
x


�� ا�	��ل→ �����] ,إذن ���� دوال أ���� ∞+;0]

��
] [0;+∞ �  1, و ���� دا�� أ���� و$��ة �"!�م �

1 ا�"��/ي ھ� ا��ا�� ا,���� ���ا��. *دا�� ا��()�ر&�:+*�$(
x

x
→


�� ا�	��ل. ]   .ln, و 0�/3 ��2 10�/��1ا��� �"!�م �� و ∞+;0]

�,���  

� �!/&4 ا��ا��  �)	��ln.�[ ھ [0;+∞.  

� 1 0ln =  

[ 1�8�� ����67ق 
�� ا�	��ل.ln ا��ا�� � )و∞+;0] ) ( ) 1
ln x

x
′ =  

[ �0ا&�&� 98!� 
�� ا�	��لlnا��ا�� � [0;+∞  

� �:�aوb;�] [0;+∞,a b lna lnb< ⇔ <.  

  Lnإ-�رة ا��ا�' �
0 1lnx x= ⇔ 0 و  = 1lnx x> ⇔ 0و < 0 1lnx x< ⇔ < < 

  :���1ل 
  $�د ��	(
� �!/&4 =� �; ا��وال ا������:

1(( ): 1f x ln x→ +  2(( )2: 3 2g x ln x x→ − + 3(:
ln

x
h x

x
→  

))1:أ0�1'  ) ( )1f x ln x= +   �"!&{ }/ 1 0fD x x= ∈ + >ℝ 

1 1 0x x> − ⇔ + [و�"@  < [1,fD = − +∞  

2( ( ) ( )2 3 2g x ln x x= − +  

�"!&{ }2/ 3 2 0gD x x x= ∈ − + >ℝ 
  

2 3 2x x− +
             


; ا��Aور BC�3  
( )22 4 3 4 2 1 9 8 1 0b ac∆ = − = − − × × = − = >  

  ھ	�:  ���E7F ا��Cود ADر&;��ن  1	� أن

1 2

b
x

a

− + و   =∆
2 2

b
x

a

− − ∆=  

1

3 1 4
2

2 1 2
x

+= = =
×

و   
1

3 1 2
1

2 1 2
x

−= = =
×

  

   �C3د �Dول ا�6Gرة :  

  
[ و�"@ : [ ] [, 1̈ 2,gD = −∞ ∪ +∞

  
3( ( )

ln

x
h x

x
=�"!&{ }/ 0 ln 0hD x x et x= ∈ > ≠ℝ   

ln 0x =  �"!&ln ln1x =  �"!&1x [و�"@ : = [ ] [0;1 1;hD = ∪ +∞  

'
3�4: �:�aوb ;�] [0;+∞.�"&�� lna lnb a b= ⇔ =  

 �:�aوb ;�] [0;+∞.�"&�� lna lnb a b> ⇔ >  

� أ��&'� �$ :ℝG!�د	ت ت ا��CD/ا�	ا������ :و ا�  
1(( )2 0ln x − =  2( ( ) ( )3 1 5 10ln x ln x− = −  

3( ( )1 0ln x − ≥ 

))1 :أ0�1'  )1 0ln x − =  

2ھAه ا�	!�د�� �!/�� إذا و��I إذا =�ن: :1ا���5&'  0x − >   
� إذا =�ن: "!&2x [اذن :  < [2;ED = +∞  

  ا�	!�د��:$� :2ا���5&' 
( )2 0ln x − =  �"!&( ) ( )2 1ln x ln− =  

0∆ ≻

   '
 ��دة ا�������ت             أ:�د$�
' ا��9' ا�7�8


�0' و1�ة            �                               
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  �"!&2 1x − = �"!&3 Ex D= }و�"@  ∋ }3S =   

2( ( ) ( )3 1 5 10ln x ln x− = −  

5ھAه ا�	!�د�� �!/�� إذا و��I إذا =�ن: :1ا���5&'  10 0x − و<
3 1 0x − >  

� إذا =�ن: "!&2x 1و <

3
x [اذن : < [2;ED = +∞  

  $� ا�	!�د��::2ا���5&' 
( ) ( )3 1 5 10ln x ln x− = −  �"!&3 1 5 10x x− = −   

 �"!&2 9x− = −  �"!&9

2 Ex D= 9و�"@  ∋

2
S

 =  
 

   

3( ( )2 6 0ln x − ≥ 

2ھAه ا�	�/ا�CD �!/�� إذا و��I إذا =�ن: :1ا���5&'  6 0x − >   
� إذا =�ن: "!&3x [اذن :  < [3;ED = +∞  

  $� ا�	�/ا�CD::2ا���5&' 
( )2 6 0ln x − ≥  �"!&( )2 6 ln1ln x − ≥   

 �"!&2 6 1x − ≥  �"!&
7

2
x ≥ �"!&7

;
2

x  ∈ +∞  

  

[و�"@  [7
; 3;

2
S

 = +∞ ∩ +∞  
  �"!&7

;
2

S
 = +∞  

  

<$��+1 :  �� �$ℝ G!�د	ا������ تا� : 
 1(( ) ( )2 1 1 0ln x ln x− − − =    2( ( ) ( )22 1ln x ln x= +  

  ا���اب:
1(( ) ( )2 1 1 0ln x ln x− − − =.  

2ھAه ا�	!�د�� �!/�� إذا و��I إذا =�ن: :1ا���5&'  1 0x − و<
1 0x− >  

� إذا =�ن: "!&1

2
x 1xو < 1اذن : >

;1
2ED  =   

  

  $� ا�	!�د��::2ا���5&' 
( ) ( )2 1 1 0ln x ln x− − − =  �"!&( ) ( )2 1 1ln x ln x− = −  

 �"!&2 1 1x x− = −  �"!&3 2x =  �"!&2

3 Ex D= و�"@  ∋
2

3
S  =  

 
   

2( ( ) ( )22 1ln x ln x= +  

2ھAه ا�	!�د�� �!/�� إذا و��I إذا =�ن:  0x 2و< 1 0x + > �"!&
0xإذا =�ن:  [اذن : < [0;ED = +∞  

;:��x;� ] [0;+∞:( ) ( )2 22 1 2 1In x In x x x= + ⇔ = +.  
2 2 1 0x x⇔ − + =.( )2

1 0x⇔ − =1 Ex D= ∈  

) ا�	!�د��. إذن ��	(
� $�(ل )E :�}ھ }1S =  

<$��+2 :  �� �$ℝ �CD/ا�	ا�  :( ) ( )1 3 1 0ln x ln x− − + <.  

  ھAه ا�	�/ا�CD �!/�� إذا و��I إذا =�ن: :1ا���5&'  ا���اب:

1 0x − 3و< 1 0x + 1 أي <
; 1

3
x x
 > − > 
 

�"!&1x >  

  $� ا�	!�د��::2ا���5&' 
[�;��x:;$� ا�	�/ا�CD: :2ا���5&'  [1;+∞  

( ) ( ) ( ) ( )1 3 1 0 1 3 1ln x ln x ln x ln x− − + < ⇔ − < +  

1 3 1x x− < +⇔2 2x⇔ > −1x > −  
[إذن:  [ ] [1; 1;S = − +∞ ∩ [ أي .∞+ [1;S = +∞  

  

3�4
�ت $��1' 
•  aوb. ;� ] [0;+∞ :�"&��( )ln ab lna lnb= +  

• :'
3�4   �:�  aوb.;� ]   ,��&"�:r;�ℚو �:�∞+;0]

1
ln lna

a
  = − 
 

a  و  
ln lna lnb

b
  = − 
 

1و 

2
ln a lna=   و

( )rln a rlna=  

)إذا 
�	K أن :أ��&' :  )n 2 0,7l )و ⋍ )n 3 1,1l ≃   

:��& �� LM$��( )n 6l
 ’( )n 4l  ,( )n 8l ,( )n 72l   

1
n

2
l

 
 
 

  ,3
n

2
l
 
 
 

  ,( )n 2l ,( )n 6l  ,( )n 3 2l
   

( )312 3ln  , 2 2 2 2A ln ln= + + − , 

1 1
81 3

4 27
B ln ln ln= + −  

( ) ( )2015 2015

2 1 2 1C ln ln= + + −  

ا��<

( ) ( ) ( ) ( )n 6 n 2 3 n 2 n 3 0,7 1,1 1,8l l l l= × = + +≃ ≃ 

( ) ( ) ( ) ( )2n 4 n 2 2 n 2 2 n 2 2 0,7 1,4l l l l= × = = ×≃ ≃ 
( ) ( ) ( ) ( )3n 8 n 2 2 2 n 2 3 n 2 3 0,7 2,1l l l l= × × = = ×≃ ≃ 
( ) ( ) ( ) ( ) ( ) ( )2 3 2 3n 72 n 3 2 n 3 n 2 2 n 3 3 n 2l l l l l l= × = + = + 

( )n 72 2 1,1 3 0,7 2,2 2,1 4,3l × + × +≃ ≃ ≃  

)و   ) ( )3
n n 3 n 2 1,1 0,7 0,4

2
l l l

  = − − 
 

≃ ≃   

 ( )1
n n 2 0,7

2
l l

  = − − 
 

≃   

( ) ( )1 1
n 6 n 6 1,8 0,9

2 2
l l= ×≃ ≃

       

 
( ) ( ) ( ) ( )1 0,7

ln 3 2 ln 3 ln 2 1,1 ln 2 1,1 1,1 0,35 1,45
2 2

= + + + +≃ ≃ ≃ ≃
    

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1

23 3 3 1
12 3 3 2 3 3 2 2 3 3 2 2 3

3
ln ln ln ln ln ln ln ln ln

 
= × + = + + = + + 

 

  

( )3 1
12 3 1,1 1,4 1,1 2,86

3
ln + + ×≃ ≃  

( )( )( ) ( )( )2 2 2 2 2 2 2 2 2 2 2 2A ln ln ln ln = + + − = + − = + − 
 

  

( )2
2 1

2 2 2 2 0,35
2

A ln ln ln
 = − = = 
 

≃  

4
3

1 1 1 1 1 4 1
81 3 3 3 3 3 3 3

4 27 4 2 4 23
B ln ln ln ln ln ln ln ln ln= + − = + − = + +  

1,1
1,1 3 1,1 4,95

2
B + + ×≃ ≃  

( ) ( ) ( ) ( )( )2015 2015 2015 2015

2 1 2 1 2 1 2 1C ln ln ln= + + − = + × −  

( )( )( ) ( )( ) ( )
20152015 2

22 1 2 1 2 1 2015 1 2015 0 0C ln ln ln= + − = − = = × =  

<$��+3 :  IM1  
1(( ) ( ) ( )ln 3 ln 5 ln 15A = − +  2(( ) ( ) ( )6ln 0,01 ln 1000 ln 10B = − + 

) )1ا���اب:  ) ( ) ( ) ( ) ( ) ( )ln 3 ln 5 ln 15 ln 3 ln 5 ln 3 5A= − + = − + ×  

( ) ( ) ( ) ( ) ( )2ln 3 ln 5 ln3 ln5 2ln 3 ln 3 ln 9A= − + + = = = 
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   ( ) ( ) ( ) ( ) ( ) ( )2 3 6ln 10 ln 10 ln 10 2ln 10 3ln 10 6ln 10B −= − + =− − +  

( ) ( )ln 10 ln 2 5 ln 2 ln 5B = = × = +  

<$��+4 :  �� �$ℝ!�د�	ا�� CD/ا�	ا������:�  و ا�  
1(( )1 n2 n3lnx ln x l l+ − − =   2(( ) ( )2 5 1 4ln x ln x ln+ + + ≤. 

) )1ا�0�1' : )1 n2 n3lnx ln x l l+ − − =�"!&( )1 n2 n3lnx ln x l l+ − = +
�"!&( )1 n2 n3lnx ln x l l+ − = +  

0xھAه ا�	!�د�� �!/�� إذا و��I إذا =�ن: :1ا���5&'  و<
1 0x − � إذا =�ن: <"!&0x 1xو < [اذن : < [1;ED = +∞  

  $� ا�	!�د��::2ا���5&' 
( )1 n2 n3lnx ln x l l+ − = +  �"!&( )( )1 n6ln x x l− =   

 �"!&( )1 6x x − =  �"!&2 6 0x x− − =  

( ) ( )22 4 1 4 1 6 1 24 25 0b ac∆= − = − − × × − = + = >  

  ��ن ھAه ا�	!�د�� ���� $��; ھ	�:  1	� أن
( )

1

1 25

2 1
x

− − +
=

×
)و    )

2

1 25

2 1
x

− − −
=

×
  

1 3x و  =
2 2x = [و1	� أن :   − [2 2 1;x = − ∉ }��ن :  ∞+ }3S =  

2( ( ) ( )2 5 1 4ln x ln x ln− + + ≤  

  ھAه ا�	�/ا�CD �!/�� إذا و��I إذا =�ن: :1ا���5&' 

1 0x + 2و< 5 0x − 5 أي <
1

2
x xو > > − 
 

�"!&5

2
x >  

5و�"@ : 
;

2ID
 = +∞  

  

x;�5$� ا�	�/ا�CD: ��:;:2ا���5&' 
;

2
 +∞  

  

( )( )( ) ( ) ( )2 5 1 4 2 5 1 4ln x x ln ln x ln x ln− + ≤ ⇔ − + + ≤  

( ) ( )2 5 1 4x x− + ≤ ⇔22 3 9 0x x− − ≤ ⇔  

( )2 4 9 4 2 9 9 72 81 0b ac∆= − = − × × − = + = >  

  ��ن ھAه ا�	!�د�� ���� $��; ھ	�:  1	� أن

1

3 9

2 2
x

+=
×

  و 
2

3 9

2 2
x

−=
×

  7��

1 3x  و =

2

3

2
x = −    

  
3إذن:  5 5

;3 ; ;3
2 2 2

S
     = − ∩ +∞ =          

   

II..'ا��درا�' ا� ln  

  ��9$�ت ا��
�د$' .1
'
3�4 1: lim

x

lnx
→+∞

= +∞ '
3�4 2: 
0

lim
x

lnx
+→

= −∞   

 ����Nا� ��
12OP3:  :1/ھ�ن 
X

x
=  

0X x +→ +∞ ⇔ →  

0

1
lim lim lim ln lim ln

X X Xx

lnx ln X X
X+ →+∞ →+∞ →+∞→

 = = − = − = −∞ 
 

  

lim ,ن: 
x

lnx
→+∞

= +∞  

'
3�4 3: lim 0
x

lnx

x→+∞

=  

)) 1أ$LM ا�"�2&�ت ا������ :  أ��&' : )lim 2ln 1
x

x
→+∞

+  2 (( )2ln 1
lim

lnx

x

x→+∞

+
   

3(
 0

1
lim

lnx x+→

 4 (( )( )2lim
x

ln x lnx
→+∞

−   5( lim
x

x lnx
→+∞

− 6( 

( )
0

2lim
x

ln x lnx
+→

+  

) )1ا���اب: ) ( )lim 2ln 1 2 1
x

x
→+∞

+ = × +∞ + = +∞
 

 
( )2ln 1

lim
lnx

x

x→+∞

+ +∞=
+∞

�C� /�( �:6د ,ن : 
 

( )lim ln
x

x
→+∞

= +∞  

2(
1

ln 2
2 ln 1 1ln

lim lim lim 2 2 0 2
ln ln lnx x x

x
x x
x x x→+∞ →+∞ →+∞

 + +  = = + = + =
  

3(
 0

1 1
lim 0

lnx x+

−

→
= =

−∞
,ن : 

 
( )

0
lim ln
x

x
+→

= −∞  

4 (( ) ( ) ( )( )2 2lim lim lim 1
x x x

ln x lnx ln x lnx lnx ln x
→+∞ →+∞ →+∞

− = − = − = +∞     

),ن :  )lim ln
x

x
→+∞

= )و   ∞+ )lim ln 1
x

x
→+∞

− = +∞  

5( lim lim 1
x x

lnx
x lnx x

x→+∞ →+∞

 − = − =+∞ 
 

lim,ن :  0
x

lnx

x→+∞
و   =

lim
x

x
→+∞

= +∞  

6( ( ) ( )( )
0 0

2lim lim 1
x x

ln x lnx lnx ln x
+ +→ →

+ = + = +∞  

,ن :
 

( )
0

lim ln
x

x
+→

= )و ∞− )
0

lim ln 1
x

x
+→

+ = −∞
  


�ات ا��ا�' .2A+ ول�1( )lnx x→:  

:�"&��] [( ) ( ) 1
0, : nx l x

x
′∀ ∈ +∞ =  

10x	� أن [��ن < [( ) ( ) 1
0, : n 0x l x

x
′∀ ∈ +∞ = >  

[�0ا&�&� 98!� 
�� nlو �����1� ا��ا��  [0,+∞  

   و �"@ ا���ول:

  
�,���:] [( )0;ln +∞ = ℝ.  

)ا�	!�د��  ) 1ln x =�[����  $7 و$��ا � [0;+∞ �Cا ا�A2� 0�/3

0�/��1e  دو�
) ,��&"�: . ADkري �:�  )kln e k=.  

*�د : � e: 2,71828eا � ا�Aي &eT�Cو⋍⋅⋅⋅⋅���Cھ( ا�!�د ا�

( )ln 1e =.  

)) 1:أ��&'  )77 ln e= و
 ( )3ln 3e =  

))$� ا�	!�د�� 2 )ln 7x =  �"!&( ) ( )ln 7lnx e= �"!&7x e=  

{ }7S e=  

<$��+5 :  : IM1و LM$أ  

( ) ( )2 4 1
ln ln lnA e e

e
 = + −  
 

  ( ) ( ) ( )91
2ln ln ln

3
B e e e e= + −  

) )1ا���اب: ) ( ) ( ) ( ) ( )2 4 1
ln ln ln 2ln 4ln lnA e e e e e

e
 = + − = + −− 
   

2 1 4 1 1 7A = × + × − − =
  ( ) ( ) ( ) ( ) ( ) ( )91 1 1

2ln ln ln 2 ln ln ln 9ln
3 2 3

B e e e e e e e e= + − = × + + −
  

1 1
1

2 2
= − = −( ) ( ) ( )1 1

1ln ln ln 3ln 1 1 3
2 2

B e e e e= + + − = + + −  

<$��+6 :  �� �$ℝ:ت ا������G!�د	ا�  
1(( ) 3

2 1
2

ln x − =  2(   ( )2
2 ln ln 6 0x x+ − =  

0∆ ≻

0∆ ≻
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) )1ا���اب:  ) 3
2 1

2
ln x − =  

2ھAه ا�	!�د�� �!/�� إذا و��I إذا =�ن: :1ا���5&'  1 0x − >  

 �"!&1

2
x 1اذن : <

;
2ED
 = +∞  

  

  $� ا�	!�د��::2ا���5&' 

( ) 3
2 1

2
ln x − =  �"!&( ) ( )3

2 1
2

ln x ln e− =  �"!&( )
3

22 1ln x ln e
 

− =  
 

  

 �"!&
3

22 1x e− =  �"!&( )3

2 1x e− =  �"!&( )3

1 1
;

2 2

e
x

+  = ∈ +∞  

  

( )3

1

2

e
S

 + =  
 
 

  

2(   ( )2
2 ln ln 6 0x x+ − =  

0xھAه ا�	!�د�� �!/�� إذا و��I إذا =�ن:  >  
 DE�: ln x X=: U��� !�د��	22 وا� 6 0X X+ − =  

2 4 1 48 49 0b ac∆= − = + = >  

  ��ن ھAه ا�	!�د�� ���� $��; ھ	�:  1	� أن

1

1 7

2 4
X

− +=
×

و  
2

1 49

2 2
X

− −=
×

 �"!&
1

3

2
X و  =

2 2X = −  

�"!& 
1

3
ln

2
x  و =

2ln 2x = −  �"!& 
3

2
1x e= 2 و

2x e−=  

�"!& ( )3

1x e e e=  و =
2 2

1
x

e
و�"@ :  =

2

1
,S e e
e

 =  
 

  

<$��+7 :  �� �$2ℝ  �	V"ا�
3ln ln 2

2ln ln 3

x y

x y

+ =
 − =

  

3ln ا���اب: ln 2

2 ln ln 3

1
2

x y

x y

 + = →


− = →

  

  �3	O ا�	!�د���; ط/ف �9/ف �"�� :
5ln 5x =  �"!&ln 1x =  �"!&ln lnx e=  �"!&x e=  

3x!(ض  e= : ��"� �!�د�� ا,و�	ا� �� 3ln ln 2e y+ =  

 �"!&ln 2 3y = −  �"!&ln 1y =−  �"!&1y e−=  �"!&1
y

e
=  

1
;S e
e

  =   
  

  

  أ�4ى ��9$�ت ا��
�د$' .3

'
3�4:
0

lim 0
x

xlnx
+→

و  =−
1

lim 1
1x

lnx

x→

=
−

)و   )
0

1
lim 1

x

ln x

x→

+
=.  

0

lim 0
x

nx lnx
+→

=B�${ }1n ∗∈ −ℕ وlim 0
x

n

lnx

x→+∞

=.B�$ 

{ }1n ∗∈ −ℕ  

 أ$LM ا�"�2&�ت ا������:���ل: 
0

1
lim
x

lnx
x+→

 + 
 

و  
0

4lim log
x

x x
+→

و   

0

3lim2 ln
x

x x x
+→

−  

1
lim 1
x

xln
x→+∞

 + 
 

)  و  )( )
0

2
lim
x

x ln x
+→

 OZ  :X x=   

 )1: أ0�1'
0 0

1 1 1
lim lim

0x x

xlnx
lnx

x x+ +→ →
+

++ = = =  ,ن : ∞+

0

lim 0
x

xlnx
+→

=  

2( 
0

4lim log 0
x

x x
+→

= LM$: ����Nا� 
0

lim 0
x

nx lnx
+→

=  

3( 
0

3lim2 ln 0
x

x x x
+→

− =  4( 1
lim 1
x

xln
x→+∞

 + 
 

  OP3  :1
X

x
=  

0X x+→ ⇔ → +∞  

( ) ( )
0 0

11 1
lim 1 lim 1 lim 1
x

ln X
xln ln X

x X X+ +
→+∞

+ + = + == = 
 

  

lim ,ن: 
x

lnx
→+∞

= +∞  

5( ( )( )
0

2
lim
x

x ln x
+→

 3OP  :X x=  

( )2
2 2X x X x X x= ⇔ = ⇔ =  

0 0X x+ +→ ⇔ →  

( )( ) ( )( ) ( ) ( )
0

22 2 22 2 2 2

0 0 0
lim lim lim 2 lim4
x

x ln x X ln X X lnX X lnX
+ + +

+→

= = =  

( )( ) ( )
0

2 2 2

0
lim 4lim 4 0 0
x

x ln x XlnX
+

+→

= = ×  ,ن: =
0

lim 0
x

xlnx
+→

−=  

4. '
,�9�Gوع ا��Iا�  

� 6��	�� ا���ھ@ �C(ر ا,����� ��ln&"�: اذن �"C"� ا��ا�� /� ���&

  .∞+�1(ار 
. :�"&�� 

0

lim
x

lnx
→

  C� �"&��ln(ر ا,را��L ���رب �	"C"� ا��ا�� و∞−=

�J ا��ا�'. .5��  ا��8ء �
  
  
  
  
  
  
  
  
  
III.ا�'�ا��� '
  �8 ' ا�&�%�ر$��

)$�*+  
;:��u ل��� ��
Iو G �"!�م 
��Iدا�� 1�8�� ����67ق 

( ) ( )( ); 0x I u x∀ ∈ ≠.  

) ا��ا��: )
( )

u x
x

u x

′
→ B�$)u′ ا��ا�� �) �M	� ا�	[��� uھ


�� ا�	��لuا��()�ر&�	�� ���ا�� I.  
:�C"� 2د ا�	[��� ا��()�ر&�	�� ���ا��:. ���ل 3 5u x x→ +  

:2 ا��ا��. 3 5u x x→ + ��
و G �"!�م 
�� 1�8ℝ�� ����67ق 
ℝ  

.:�"&�� ( ) ( ); 6x u x x′∀ ∈ =ℝ ��	�&[��� ا��()�ر	إذن ا�  


�� �u��ا�� ℝ :ا��ا�� �ھ
2

6

3 5

x
x

x
→

+
.  

'
3�41  
K3�= إذاu  ل��� ��
  Iو G �"!�م 
��  I دا�� 1�8�� ����67ق 

)��ن ا��ا��  ):f x In u x→��	ا� ��
   Iل1�8�� ����67ق 

  uو دا���2 ا�	[��� ھ� ا�	[��� ا��()�ر&�	�� ���ا�� 

 :�"!&( ) ( ) ( )
( );

u x
x I f x

u x

′
′∀ ∈ =.  

)أ$LM  : ���1ل )f x′ :ت ا������G�Cا� ;� ���$ �= ��  

( ) 2 lnf x x x= )و     − ) lnf x x x=    و( ) ( )2ln 1f x x= +  

) ا�0�1' : ) ( )
2

2 1 2 1
ln 2

x
f x x x x

x x

−′′ = − = − =  

0∆ ≻
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 ا����ذ: ��
 

 ( ) ( ) 1
ln ln ln 1ln ln 1f x x x x x x x x x x

x
′ ′ ′′ = = + = + × = +  

( ) ( )( ) ( )2

2
2 2

1 2
ln 1

1 1

x x
f x x

x x

′+′′ = + = =
+ +

  


�� ا�	��لf:$�ود ا��وال ا,���� ���ا�� ���2لI ���$ �= ��
  �; ا�����C; ا�������;:

1. ( )
3

4
;

2

x
I f x

x
= =

+
ℝ  

2. ] [ ( ) 1
0;1 ;I f x

xInx
= = 

)��&"� )1ا�0�1' : ) ( )43

4 4

21

42 2

xx
f x

x x

′+
= =

+ +
   

)اذن :  ) 41
ln 2

4
F x x k= + +  :B�$k ∈ℝ  

: �"!& ( ) ( )41
ln 2

4
F x x k= + 4,ن :  + 2 0x + >  

2( ( ) ( )
1

1 lnxxf x
xlnx lnx lnx

′
= = =  

)اذن :  ) ln lnF x x k= +  :B�$k ∈ℝ  

)ا�	!/�� ب:  3f!��/ ا��ا��  : 8+��$> ) 2

5 1

2

x
f x

x x

+=
+ −

   


� �!/&4 ا��ا�� D$�د  .1)	��f�����$ ;&د�
    ;و $�د 

 aوb :B�C1 ( ) ( );
1 2

a b
x D f x

x x
∀ ∈ = +

− +
  


�� ا�	��ل fا_�"�^ ا��وال ا,���� ���ا��  .2] [; 2−∞ −  


��  �f��ا�� F$�د ا��ا�� ا,����  .3] [; 2−∞ − B�C1

( )3 ln2F − =   

� أ0�1' :"!&{ }2/ 2 0fD x x x= ∈ + − ≠ℝ 
  2 2x x+ −

             

; ا��Aور BC�3  

( )2 24 1 4 2 1 1 8 9 0b ac∆= − = − × − × = + = >  

  ھ	�:  ���E7F ا��Cود ADر&;��ن  1	� أن

1 2

b
x

a

− + و   =∆
2 2

b
x

a

− − ∆= 7��

1

1 3 2
1

2 1 2
x

− += = =
×

 و  
2

1 3 4
2

2 1 2
x

− − −= = =−
×

  

{ }/ 2;1fD = −ℝ  

( ) ( ) ( )
( )( ) ( )( )

( )
( ) ( )

2 1 22

1 2 1 2 1 2

a x b x a b x a bax a bx b
f x

x x x x x x

+ + − + + −+ + −= = =
− + − + − +

  

)��1	��رO� �3 ا�:���1 :  ) 2

5 1

2

x
f x

x x

+=
+ −

  ��3 أن : 

5

2 1

a b

a b

+ =
 − =

3و�1	O ا�	!�د���; ط/ف �9/ف ��3 :  6a = �"!&

2a =  
� ا�	!�د�� ا,و�� ��3 أن :aو�1!(&`� �2�	2 ��1 5b+ = �"!&

3b =  
 ھ� : �f ا��ا�� aو�"@ ا�:���1 ا���&�ة ���

( ) ( ) 2 3
;

1 2fx D f x
x x

∀ ∈ = +
− +

  

2( ( ) ( ) ( ) ( )1 2
; 2 3

1 2f

x x
x D f x

x x

′ ′− +
∀ ∈ = +

− +
  

)و�"@ :  ) 2ln 1 3ln 2F x x x k= − + + +   O�k∈ℝ  

[و1	� أن :  [; 2x ∈ −∞ −  �"!&2x   >1x اذن : −>

2و�"@ :  0x+ 1و  > 0x− < :�
� ا��وال ا,���� ھ)	�� : �  و�����1

( ) ( ) ( )2ln 1 3ln 2F x x x k= − + − − +  O�k∈ℝ  

3( ( )3 ln2F − = �"!&( ) ( )2ln 4 3ln 1 ln2k+ + =  �"!&( )2ln2 2ln 2k = −  

 �"!&3ln2k )و�"@ :  −= ) ( ) ( )2ln 1 3ln 2 3ln2F x x x= − + − − −  

IV. J&� درا�' دا�' +���يln  
  ���ل:

I.  �&ا��ا�� ا�!�د ;:��g   :B�C1( )g x x lnx= −  


"� ��Cات   gو أ$LM �23&�ت gD$�د  .1gD  

2.  LM$أ( )g x′  ات/�a� ول�D I
  gو أ

xا_�"�^ أن:  .3 lnx>      ,0x∀ >  

II.  �&ا��ا�� ا�!�د ;:��f  : B�C1 0x ≻ ,( )

( )0 1

x lnx
f x

x lnx
f

+ = −
 = −

  

]�1; أن  .1 [0;fD = +∞  


�� ا��	�;�1f; أن  .2 /bا�� �� �����  
3. : LM$أ ( )lim

x

f x
→+∞

  


�� ا��	�; �1f; أن  .4 /bا�� �  1�8�� ����67ق �

) �1; أن : .5 ) ( )
( )2

2 1 lnx
f x

x lnx

−
′ =

−
 ,] [0;x∀ ∈ +∞  

  fأ
�D Iول ��a/ات  .6

7.  Oط��� I�3 د�$fC   *���M	و ا�( ) : 1y∆ =  

 &�C� O9(ر ا,����� �� �1fC  �9�3; أن  .8

1أ��(��2 &"�	� إ�� 
;1

2
 
  

 

9.  f]3أfC  *�!� ��( ); ;O i j
� �

 �g )2,7e ≈     ,2 0,7ln ≈   (  

I. : '0�11أ(( )g x x lnx= −   ] [0;gD = +∞  

( )lim lim lim 1
x x x

lnx
g x x lnx x

x→+∞ →+∞ →+∞

 = − = − =+∞ 
 

lim ,ن :  0
x

lnx

x→+∞

=   

( )
0 0

lim lim
x x

g x x lnx
+ +→ →

= −  ,ن : ∞+=
0

lim
x

lnx
+→

= −∞  

2( ( ) ( ) 1 1
1

x
g x x lnx

x x

−′′ = − = − =  

)ا�6رة  )g x′ : ا�6رة �1x ھ [,ن : − [0;x ∈ +∞  

  �Dgول ��a/ات ا��ا�� 

  
0 ���� �8	� د��3 
"� : h$73(g أن 3 1x =  

)اذن :  ) ( )1g g x≤] [0;x∀ ∈ 1اذن :   ∞+ x lnx≤ −] [0;x∀ ∈ +∞  

0اذن :  1 x lnx< ≤ −] [0;x∀ ∈ lnxاذن :  ∞+ x<] [0;x∀ ∈ +∞  

II.1( ( )

( )0 1

x lnx
f x

x lnx
f

+ = −
 = −

 f �0xدا�� �!/�� &!" lnx− 0xو  ≠ > 

0و$T�_�� LM و�3�D أن  x lnx< 0xاذن :  − lnx− ≠  
]��&@ �(رة اذن :  0و��&"�  [0;fD = +∞  

0∆ ≻
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 2( 
( )

0 0 0 0

1 1
lim lim lim lim

11
x x x x

x xlnx
x lnx lnx lnxf x

xxx lnx
lnx

lnxlnx

+ + + +→ → → →

 + + +  = = =
−   −− 

 

  

0
lim 0

x

x

lnx+

−

→
,ن  =

0
lim
x

lnx
+→

= 0و∞−
0=

∞
)اذن :   ) ( )

0
lim 1 0
x

f x f
+→

= − =  


�� ا��	�;fو�"@  /bا�� �� �����  

3( 
( )

1 1
lim lim lim lim 1

11
x x x x

lnx lnxx
x lnx x xf x

lnxlnxx lnx
x

xx

→+∞ →+∞ →+∞ →+∞

 + + +  = = = =
−   −− 

 

  

lim,ن :  0
x

lnx

x→+∞

1yو������3 :  =   ���fرب �	"C"� ا��ا��  =

4( ( ) ( )
0 0 0

10
lim lim lim

0x x x

x lnx x lnx x lnx
f x f x lnx x lnx

x x x+ + +→ → →

+ + + −+− − −= =
−

  

( ) ( )
0 0

2 2
lim lim 0 0d

x x

x
f

x x lnx x lnx+ +→ →
′= = = =

− −
  


�� ا��	�; fو�"@  /bا�� � 1�8�� ����67ق �

5(   ( ) x lnx
f x

x lnx

+=
−

     

( ) ( ) ( ) ( ) ( )
( )2

x lnx x lnx x lnx x lnxx lnx
f x

x lnx x lnx

′ ′′ + − − + −+ ′ = = −  −
  

( ) ( )

( ) ( )2 2

1 1
1 1 1 1

lnx lnxx lnx x lnx x lnx x lnx
x x x x

x lnx x lnx

   + − − + − − + − − − + +   
   = =

− −
  

( )
( )

( )
( )2 2

2 12 2 lnxlnx
f x

x lnx x lnx

−−′ = =
− −

] [0;x∀ ∈ +∞  

))ا�6رة 6 )f x′ : ا�6رة �1ھ lnx−  

ln 1 1 0e x e lnx lnx lnx> ⇔ > ⇔ > ⇔ − >  
  و�"@ �Dول ا�6Gرة وا���a/ات :

  
7( ( ) 1f x = �"!&1

x lnx

x lnx

+ =
−

  �"!&x lnx x lnx+ = −  

 �"!&2 0lnx =  �"!&0lnx =  �"!&1x =  
 Oاذن �9�3 ���ط

fC   *���M	و ا�( ) : 1y∆ =  �)ھ )1;1A  

8( f ل��	ا� ��
]دا�� �����  [0;fD = +∞ ��
1و�"@ ����� 
;1

2
 
  

  

1 1 1 1 2 2
21 1 2 22 2 2 2 0

1 1 2 21 12 1 2 22
2 22 2

lnln ln
ln

f
ln lnlnln

  −+ −  −   = = = = <  + +   +−  
 

و  

( )
( )

( )

1 1
1

2 21 1 0
1 1

1
2 2

ln
f

ln

+
= = = >

−

  

)و�"@ $LM ��/ھ"� ا���* ا�(_���9 ��ن ا�	!�د��  ) 0f x =  ��
 7$

1ا,�8 
�� ا�	��ل
;1

2
 
  

   

C� O9�&1(ر ا,����� �� �9�3 أ��(��2 &"�	� إ��  fC أي :
;1

2
 
  

  

9(  

  
V.س��O� #�$دا�' ا�&�%�رa .)0a 1a و.≺ ≠(  

)$�*+:;:��a د�!�� �b��N� 98!� و ��D)� �����$ دا�
1  
  aLogھ� ا��ا�� ا��� &/�a0�/��1 �2� 0دا�� ا��()�ر&�* �k_�س

. ��
[ و ا�	!/��  [0;+∞ :��& �	1( ) ln

ln

x
Log x

a
=.  

�,���:( ) 1aLog a = ,1

lnaLog e
a

=, 1 0aLog =   

] [ ( )0; ;log lnex x x∀ ∈ +∞ lnاذن    = loge=   

'
3�4:  
 �:�xوy ;�] } �; .a, و �:� ∞+;0] }1∗+ −ℝ:�"&�� , 

( ) ( ) ( )log log loga a axy x y= +, ( )1
log loga a y

y

 
= − 

 

  

( ) ( )log log loga a a

x
x y

y

 
= − 

 

 , ( ) ( )log loga ax r x′ =�:� r ;�ℚ

3
�ت ا����$'aLogو    lnا��ا���ن .�Qا� RI� ��9�  

  )1ا�����N(ا��/ھ�ن 
�� ا���ھ�ن : 

( ) ( )
( )

( ) ( )
( )

( )
( )

( )
( ) ( ) ( )ln ln ln ln ln

log log log
ln ln ln lna a a

xy x y x y
xy x y

a a a a

+
= = = + = +

(&	:; ا��/ھ�ن 
�� ا�����Nت ا,g/ى �1_�!	�ل ا�����Nت ا���/&� 
  )�ln��ا�� 

  �Daول ��a/ات دا�� ا��()�ر&�* �k_�س 

1a :1ا����'  >  

  
0 :2ا����'  1a< <  

  
2log)1 أU5	  وTU0 �� $&� :: أ��&' 4 2(8log 4 3( 

2

1
log

2
   

  4(   
3

log 9  5(( )5
1

3

log 3( )2 2

1
log log 10

5
A  = + + 

 
   

: �1)D2 )1أlog : 1ط/&�� 4
2

2

ln4 ln2 2ln2
log 4 2

ln2 ln 2 ln2
= = = =  

2: 2ط/&�� 
2 2 2log 4 log 2 2log 2 2 1 2= = = × =  

2 3 4 5 6 7 8-1-2-3-4-5-6-7-8

2

3

4

5

-1

-2

-3

-4

-5

-6

0 1

1

x

y
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 2( 8log 4 :
2

8 3

ln 4 ln 2 2ln 2 2
log 4

ln8 3ln 2 3ln 2
= = = =  

3( ( )2

2 2 2 2

1
log log 2 log 2 2log 2 2 1 2

2
=− = − = − = − × = −     

  &	:; ا_�!	�ل ط/&�� أg/ى

4(   ( )4

3 3 3
log 9 log 3 4log 3 4 1 4= = = × =    

5( ( ) ( ) ( )
1

5 5
2 2 1 2 2 1

3 3

1
log log 10 log 3 log 5 log 5 2 log 3

5
A

  = + + =− + × +   
   

   

2 2 2 1 1 1

3 3 3

1 1 1 1 1 4
log 5 log 5 log 2 log 3 1 log 3 1 log 1

5 5 5 3 5 5
A=− + + + = + = − = − =  

<$��+9 : :��& �� LM$أ  
1(( )2 2

1
log log 10

5
  + 
 

     2( ( )3
1

2

log 2  

 : �1)D1أ( ( ) ( )2 2 2 2

1 1
log log 10 og 10 og 2 1

5 5
l l

   + = × = =   
   

  

2( ( ) ( )
1
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